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CO ' Abstract. The infinitesimal quantum gl^ was reafized in ^ §6]. We will realize Frobenius- 

^— ■») ' Lusztig Kernels of type A in this paper. 

(N ■ 



1. Introduction 

In 1990, Ringel discovered the Hall algebra realization [19] of the positive part of the quantum 
enveloping algebras of finite type. Almost at the same time, the entire quantum was realized 
by A. A. Beilinson, G. Lusztig and R. MacPherson in [Ij. They first used g-Schur algebras to 
construct a Q(?;)-algebra ICq^ti), and then proved that the quantum enveloping algebra of g[„ 
over Q{v) can be realized as a subalgebra of K,Q{n). 

Let U^{n) be the the quantum enveloping algebra of g[„ over ^ with standard generators 
Fj^^\ K^^ and [^^''^j, where ^ is a commutative ring containing a primitive I'th root e 
^ - of 1. Let p = char^. For /i ^ 1, let u^(n)/j be the ^-subalgebra of UnJ^n) generated by E^^\ 

m ■ f'>'^\ Kf^, [^f] for 1 ^ « ^ n - 1, 1 ^ j ^ n and ^ m,t < lp^~^, where / = /' if I' is odd, 



in 
< 



and / = /'/2 otherwise. Then we have u^(n)i C u^(n)2 ^ • • • C Ui^{n). In the case where /' is 



C^ ' an odd number, let u^(n)/i = u^(n)/j/(i^{ — 1, • • • — 1). The algebra u^(n)i is called the 

infinitesimal quantum g[„ and the algebra u^(n)/j is called Frobenius-Lusztig Kernels of Ui^{n) 
I (cf. [7J). The algebra u^(n)i was realized in pTJ §6]. In this paper, we will realize the algebra 

u^(n)/j for all /i ^ 1. More precisely, we will first construct the ^-algebra J^'{n)h in §4. Then we 
^, , will prove in 15.51 that M^{n)h = Jf{n)h in the case where /' is odd, and that u^(n)/i = J(f'{n)h 

, in the case where I' is even and ^ is a field. 

Let Si^{n,r) be the g-Schur algebra over ^. Certain subalgebra, denoted by Uy^(n, r)/i, of 
Si^{n,r) was constructed in |12j §4]. It is proved in |13) that Uy^(n, r)i is isomorphic to the 
little g-Schur algebra introduced in |1H I14j. We will prove in 16.11 that the algebra u^(n,r)/j is a 
homomorphic image of Uj^(n)/i. 

Infinitesimal g-Schur algebras are certain important subalgebras of g-Schur algebras (cf. [SI 
[21 [3]). For ^ 1 let si^{n)h be the ^-subalgebra of Ui^{n) generated by the algebra Vi^{n)h and 
I^A'j.Oj (^-^ ^ j ^ j^ -^ ^ ^^jl prove in 16.41 that the infinitesimal g-Schur algebra Zf^{n,r)h 

is a homomorphic image of s^[n)h- 
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Throughout this paper, let Z 



the fraction field of Z. For i € Z let [i] 



\u^v ^\ where v is an indeterminate and let Q 
■ For integers N with t ^ 0, let 



(t;) be 



t 



[jV][Af-l]...[jV-t + l] 



G Z 



where [t]' = [1][2] •••[*]. For /i G Z" and A G N" let [^] = [^^'j • • • [^;^] • 

Let ^ be a commutative ring containing a primitive Z'th root e of 1 with /' ^ 1. Let / ^ 1 be 
defined by 

' V if /'is odd, 
I' jl if V is even. 

Let p be the characteristic of ^. We will regard ^ as a 2-module by specializing v to e. When 
V is specialized to e, [^] specialize to the element [^]^ in ^. 



2. The BLM construction of quantum 0[„ 

Following [16] we define the quantum enveloping algebra UQ{n) of gl^ to be the 
with generators 

Ei, Fi (1 ^ i ^ n - 1), Kj, KJ^ (1 ^ j < n) 

and relations 

(a) /^iK,- = KiKr^ = 1; 

(&) Ki^j- - . ^ ^ 



(c) KiFj = v^'-^+^-^'-i FjKi] 



(d) EiEj = EjEi, FiFj = FjFi when |i - j| > 1; 

(e) EiFj - F,Ei = 6i,,!^^^, where Ki = KiKr^\; 

if) EfEj -{v + v-^)EiEjEi + EjEf = when \i - j\ = I; 
(g) FfFj -{v + v'^)FiFjFi + FjF^ = when \i - j\ = 1. 

Following [T7], let Uz{n) be the 2-subalgebra of UQ{n) generated by all E^™'\ 
and [^^'^] , where for m, t G N, 

t 



E. 



EV 



m ■ 



pn 



and 



Ki;0 
t 



n 



'S + l 



(f )-algebra 



(m) 



±1 



Let 0(n) be the set of all n x n matrices over N. Let 0^(n) be the set of all A G 0(n) whose 
diagonal entries are zero. Let 0"*"(n) (resp. 0^(n)) be the subset of @{n) consisting of those 
matrices (ojj) with Uij = for all i ^ j (resp. i ^ j). For A G 0^(n), write A = A~^ + A~ with 
^+ G G+(n) and A' G G"(n). For ^ G e=^(n) let 
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where the ordering of the products is the same as in [Ij 3.9]. According to [T71 4.5] and [181 7.8] 
we have the following result. 

Proposition 2.1. The set 

forms a Z -basis ofUzin). 

Using the stabilization property of the multiplication of g-Schur algebras, an important algebra 
K^zin) over Z (without 1), with basis {[A] \ A £ 0(n)} was constructed in 4.5], where 
e(n) = {{aij) G M„(Z) | a^^ ^ VI ^ i / j ^ n}. 

Following [T| 5.1], let /CQ(n) be the vector space of all formal Q(v)-linear combinations 
Syle0(n) /^^[^] satisfying the following property: for any x € Z", 

{A e G(n) I /3a / 0, ro(^) = x} 
(2.1.1) the sets _ are finite, 

{A G G(n) \ Pa^O, co{A) = x} 

where ro(^) = {J2j ^ij, ■■■ a^j) and co(^) = Ci^i, ■■■ '^i,n) are the sequences of 
row and column sums of A. The product of two elements ^^^g^^^^ /3a[^], X^Bge(n) ^-^i-B] in 
K,Q{n) is defined to be ^ f3AlB[A\ ■ [B] where [A\ ■ [B] is the product in JCz{n). Then K,Q{n) 
becomes an associative algebra over Q,{v). 
For A € e±(n), 5 € Z" and A G W let 

A{5) = ^^^■'[^ + diag(^)] G £Q(n), 

where = Ei«;i«;n l^i^i- 

The next result is proved in 5.5,5.7]. 

Theorem 2.2. There is an injective algebra homomorphism ip : UQ{n) ICQ{n) satisfying 

E, ^ ^,,,+i(0), i^f ■■■Ki"^ 0(j), ^ Fi+i,i(0). 

Furthermore the set {^(j) [ A G 0^(n), j G Z"} forms a Q{v)-basis for ip{UQ{n)) . 

We shall identify UQ{n) with ip{UQ{n)). According to [I5j. 4.2,4.3,4.4], we have the following 
result. 

Proposition 2.3. The algebra Uz{n) is generated as a Z-module by the elements A[5,\) for 
A G G^(n), 5 G Z" and A G N". Furthermore, each of the following set forms a Z -basis for 
Uz{n) : 



Xi 



) I a G G^(n), 5, A G N", G {0, 1}, Vf} 



_A. 



[A + diag(^)] G JCgin) 
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(1) {A{0)0{6,X) I A G e±(n), 6,Xe N", 6i G {0,1}, Vi}; 

(2) {A{6, A) I ^ G e±(n), 5, A G N", 5, G {0, 1}, Vi}. 



We end this section by recalling an important triangular relation in ICzin). For A = {as^t) € 
G(n) let 

Following [1], for ^, S G 6(n), define B ^ A \i and only if aij{B) ^ o-ij(A) for all i ^ j. Put 
^ A if i? ^ yl and (Tij{B) < (7jj(A) for some i ^ j. 

According to [1, 5.5(c)], for A G 0^(n) and A G the following triangular relation holds in 
K.z{n): 

(2.3.1) £;(^^)[diag(A)]F(^") = + diag(A - ct{A))\ + / 

where cr(^) = ((Ti(^),--- ,cr„(^)) with cTj(yl) = YljKii'^iJ + '^i,*) ^-'^d / is a finite 2-linear 
combination of [B] with i? G Q{n) such that i? ^ A. 

3. The algebra u^(n)ft 

Let C/;^(n) = Uz{n) ®z k.- We shah denote the images of E^™^^ , F-'^\ A{6, A), etc. in Ui^(n) by 
the same letters. For /i ^ 1 let U;^(n)/j be the ^-subalgebra of Ufjn) generated by the elements 
E^^\ Fj;"'\ Kf^, [^f] for 1 ^ i < n - 1, 1 ^ j ^ n and < m,t < Ip'^'^. If /' is an odd 
number, we let 

(3.0.2) M^{n)h = ^^{n)h/{K{ - 1, 1). 

The algebra \ii^{n)h is called Frobenius-Lusztig Kernels of U^{n). We will construct several 
^-bases for Uj^(n)/i in 13.71 

We need some preparation before proving 13.71 



Lemma 3.1. Let m = tuq + Imi, ^ niQ ^ I — 1, mi G N. Then 
for ^ t ^ m, where t = tQ + Iti with ^ to ^ ' ~ 1 (^''^'d ti G N. 



mi 
ti 



Lemma 3.2. The following identity hold in the field ^ : ("^^p ) = for m £ Z and 



^ s <p''-^. 



Proof. We consider the polynomial ring ^[x, y]. Since the characteristic of ^ is p we see that 
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It follows that C^''. ^) = for < j < j?'^ ^. This implies that 



m + p 
s 



h-l 



E 



Ji-i 



m 
s-j 



for m £ 7j and ^ s < ^. 

We now generalize 13.21 to the quanti 
Lemma 3.3. Assume ^ a < Ip'^'^ and 6 G Z. 



□ 



turn case. 



Then we have f^+^P'^ 'l = e-^'p'^"' Pi . In 

L a J e Lai e 

particular, we have [^^'^ ]e ~ [ale 

Proof. We write a = oq + ail and 6 = 6o + ^i^ with ^ oq, 6o < ^) ^ aiid 6i G Z. If 6 G N, 
then by 13.11 and 13.21 we conclude that 



b + lp^~^ 
a 







~a\b\l—aob\) 


'bo' 








ao 








—aibil—aobi) 


'bo' 








ao 





'bl+p^-^ 

'bi 



-alp 



,h~l 



Furthermore if 5 + Ip^ ^ < 0, then — 5 + a — 1 — Ip^ ^ 
'h + lp^-^ 



a 



= (-ir 



-h + a-l- Ip^-^ 
a 



j^ph 1 ^ Q and hence 

a alp'^ 



1 


'-b + a- 1' 


_ ^-alpf^-^ 


'b' 




a 


e 


a 



b + lp^-^ 

a 



^—alp^ ^ ^l(ail—aibo—abi) 



Now we assume -/p^"^ ^ 6 < 0. According toO we have 
(3.3.1) 

If ao - 6o - 1 ^ then [^°]^ = (-l)'^o [-o-feo-i 

= (-ir 



bo 

ao 



bi 

e v«i 



Je ~ hence, by 13.11 and (|3.3.ip . we have 
/(ai - bi) + (ao - 6o - 1)" 



a 



ao - 6o - 1 



ai - bi 

e V «i 



b + lp'^-^ 
a 
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Now we assume —Ip^ ^ ^ b < and ag— 6o~l < 0- Then ai—bi — l ^ and ^ l+aQ — bo — 1 < I. 
According to 13.11 we have 



i-ir 
i-ir 



-b + a-l 
a 

l{ai - 6i - 1) + (Z + ao - 6o - 1) 



a 



(-l)V 



a J(-ai(ao-f)o-l)-a{ai-6l-l)) 



/ + ao - 6o - 1 
ao 



(-1) 



ail+ai l{~ai{ao~-bo — l)~a{ai~bi-l)) 



bo -I 



ai — 6i — 1 
ai 



Since ^ < I and [m + 1]^ = e '[mjg we see that = ^'^"'[aole' This imphes that 



(3.3.2) 



(-1) 



ail+ai^l{aQ-ai{ao-bo-l)—a{ai—bi — l)) 



ao J £ 

bo 
ao 



Furthermore since e^' = 1 and {afl — oi) — {ail + ai) = —2ai + lai{ai — 1) is even, we see that 

^l{ail—aibo—abi) 



g.Z(ao-ai(ao-fco-l)-a(ai-f'i-l)) 



J{—2abi—2aiba—2ao+2aoai)l{a'^l—ai) 



Thus by (f3XB and (l3X2]l we conclude that [''+'^'' 



-alp'^-^ \b 



[g]^- The proof is completed. 



□ 



Corollary 3.4. Assume < a,6 < /p''"^ anda + b^ Ip^'^. Then [''~^'']^ = 

a+bl 



Proof. According to 13. 31 we have ["^''J^ = ^ 
see that 1"'^+''"'? 1 = Q. The assertion follows. 

L a J e 



aip'-i ^a+fe-jp - g.^^g ^ a + 6 - /p'^-i < a, we 



□ 



Let u^(n)/i be the ^-subalgebra of u^(n)/i generated by K^^, [^l'^] for 1 ^ j ^ n and 
^ t < Ip^-'^. For /i ^ 1 let 

Nj;,_i = {A G I ^ < Zp'*-!, Vi}. 

Lemma 3.5. The set 9Jt° = {Ui^t^n [^xf] I ^ e N", (5» E {0,1}, A G Nf^^.i} /orms a 
(i-basis for u^(n)/i. 

Proo/. Let Vi = span^SO^^. From HH we see that the set 9Jt° is linearly independent. Thus 
it is enough to prove that u^(n)/i = Vi. Let V2 be the ^-submodule of u^(n)/i spanned by the 
elements Wi^i^n [^;:^] G Z", A G N", ^ A^ < Ip'^'^, for all i). According to [13 
2.3(g8)], for ^ t,f < /p'^^i we have 



-ft 







"Ki;0" 




't + t'' 










t 




t 




t + t' 



(_!)%*(*' -i) 

0<j^t' 



't+j-l 










j 


e 


t'-j. 




t 
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Note that by [33] we have [*^*'] Jf^^?] = for ^ < Ip^'^ with t + ^ Ip^'^ . Thus, by 
induction on t' we see that [^f] [^f] e ^2 for ^ < /p''"^ It fohows that u^(n)/, = ^2- 
Furthermore, by the proof of [17, 2.14], for m ^ and ^ t < Ip^^^ we have 



m+2 



~m— 1 







"i^i;0" 


J + 




t 



2t T^-m+1 



K,;0 
t 



t+i 



0. Thus by 



Ift + 1 = lp''~\ then -e-*-i)i^f+i[f;'f] = -e-*(e*+i [ 

induction on m ^ we see that E Fi for ^ t < /p''"^ This imphes that Vi = V^- 

The assertion fohows. □ 

We are now ready to prove [3?7l Let 6=^(n)/i = G 0=^(n) | ^ a^.t < Ip^^^, Vs ^ t}. 
Lemma 3.6. The algebra U;^(n)/i is generated as a l<i-module by the elements A{6, A) for A € 

Proof. Let be the ^-submodule of Ui^{n) spanned by A{6,X) for A G @^{n)h, (5 € Z"' and 
A G N"p;,_i. According to [TS', 3.5(1)] for yl G &^{n)h, ^ m < /p^^^, 1 ^ i ^ n - 1, (5 G Z'^ and 
A G N'"ph_i, we have 



(m^i,i+i)(0)A((5,A) 

E 

t G A(n, in), ^ J ^ Ai 
tu ^ ai+i_u, V« 5^ i + 1 
^ ^ Ai+i, ^ c sS inin{ti,j} 



where a*^^;^ = ( Ei>„ + - J - c)ei + (A^+i - /c - f„)ei+i, /S*^;, = (t^ + j - c- Ai)ei + 

(fe - Ai+i)ei+i with = (0, • • • , 0, 1, • • • , 0) G N", and 

fi,. = n 

kti+i. U A + J2u=ii tuEi^u - tuEi+i^u ^ &^{n)h then ai,„ + t„ ^ Zp''"^ for some u ^ i. 

and hence a: = 0. Furthermore, if A + ^ ^ then 







-ti 




ti+j-c 




'ti' 




ti+1 




e 






ti 


e 


C 


e 


Aj+i - k 



and hence fj^f^ = 0. Thus 



From [33] we see that 

(A + /3*_c,fc)* =ti + j-c'^ lp^~^. From [33] we see that ^ 
we conclude that 

(3.6.1) {mEi^i+i)iO)Vh C y^,, 

for ^ m < Zp^^^ and 1 ^ i ^ n — 1. Similarly, using [151 3.4,3.5(2)] we see that 

(3.6.2) (mSi+i,,)(0)14 ^ Vh and 0(7, ^u)^;, C Vh 
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for ^ m < Ip^^^, l^i^n — l,7eZ" and // G ^J^/i-i- Combining p.6.ip with p.6.2p imphes 
that 

(3.6.3) u^(n)/i C n;^{n)hVh Q Vh- 

On the other hand, from [15^ 3.4] we see that for A G e^{n)h, (5 G Z" and A G N]" 

Ai5-lX-i). 



(3.6.4) A(0)0(5, A) = e'=°(^)-(^+^U((5, A) + ^ ^co(A).{m-j) 

jGN",0<j^A 



co(^) 

j 



This imphes that 

(3.6.5) Vh = span JA(0)0(5, A) 1 A G Q^{n)h, 5 G Z", A G n^.-i}. 

Furthermore, combining (12.3.ip with 12.31 shows that for A G Q^{n)h, (5 G and A G NJ^(,-i, 
i^{A+)^(A-) -Q K^J^^JO] =i^(^+)i7(A-)0(5,A) =^(0)0(<5,A)+/ 



where / is a ^-hnear combination of i?(0)0(7, ^) with B G 0^(n), ^ yl, 7 G and /U G N". 
From p.6.3p and (I3.6.5P we see that / must be a ^-hnear combination of 5(0)0(7, /i) with 
B G Q^{n)h, B ^ ^, 7 G Z" and ^ G NJ^h-i. Thus we conclude that 
(3.6.6) 

T4 = span^{i^(^^)F(^") J] ^M^f.^l I ^ e e±(n);„ 5 G Z", A G Nj;,_4 C SJn);,. 

The assertion fohows. □ 

Proposition 3.7. Each of the following set forms a l<i-basis for VL^{ri)h '■ 

(1) Tl := ni^,^„ K^' ["^Af ]^^^~^ I ^ e 0^(^)^' ^ e N", 5i G {0, 1}, Vi, A G N",. J; 

(2) 55 := {A(5,A) j A G e±(n);„ 5 G N", 5, G {0,1}, Vi, A G Nf^^.J; 

(3) 53' := {^(0)0(5, A) I ^ G e^{n)h, d G N", 6i G {0,1}, Vi, A G 

Proof. According to 12.11 and 12.31 it is enough to prove that ^fjyn)^ = spaUj^SUt = span^*B = 
span^5S'. From [331 13.61 ()3.6.5p and ()3.6.6p we see that u^(n)/j = span^OJT = span^^^B'. For 

A G Q^{n)h, 5 G Z" and A G ^"IpH-i we have 

A{5, A) = e^^ (e^»+^ - v-^^"^)A{5 - e^, A + e^) + e^^^A{5 - 26^, A) 

= -£-^^(£^'+1 - e-^^~^)A{5 + e„ A + e,) + e'^^^A{5 + 2ei, A) 

Note thatif Ai + 1 = /p'^^Hhen (e^»+^ - v"^'"^)A((5-ei, A+e^) = -e"-^" (e^»+^ -e"^»"^)^((5 + 
ej, A + ej) = 0. This together with 13.61 shows that VLfJn)^ = span^5S. □ 
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4. The algebra Jf'{n)h 

We will construct the algebra J(f'{n)h in this section. We will prove in l5.5l the algebra J(f'{n)h 
is the realization of u^(n)/j. 

Let K-kSji) = JCz{n) (^z k,, where ^ is regarded as a Z-module by specializing v to e. For 
^ G G(n) let 

[A]e = [A]®le JC^{n). 

Let &{n)h be the set of all A = {aij) € 0(n) such that ajj < lp^~^ for all i ^ j. We will denote 
by J(f{n)h the ^-submodule of lC^{n) spanned by the elements [A\^ with A € Q{n)h. 

To construct the algebra J(f'{n)h we need the following lemma (cf. [1, 6.2] and [14, 5.1]). 

Lemma 4.1. (1) J^{n)h is a subalgebra of ICfJ^n). It is generated by [mEh^h+i + diag(A)]£ and 
[mEh+i,h + diag(A)]£ for m < Ip^-^, andX^Z'^. 

(2) Let D be any diagonal matrix in 0(n). The map td ■ J^{n)fi J(f{n)h given by [^]e — )> 
[A + l'p^~^D]^ is an algebra homomorphism. 

Proof. Let A = (as^t) £ and ^ m < lp^~^. Assume that B = (6s,t) £ &{n)h is such that 

B — mEi^i^i is a diagonal matrix such that co{B) = ro(^). According to fV, 4.6(a)] we have 



l<u<n 



where (3{t,A) = Y^j^^aijtu - Ej>„aj+ij*« + Assume that A + Y^j^tu{Ei^u - 

Ei+i^) &{'>T')h for some t; then ai,u + tu ^ Ip^^^ for some u ^ i. Since ^ ai,u-,tu < lp^~^, 
by [331 we conclude that ["''t^*"] = and hence [B]^ ■ [A]s G Jf{n)h. Similarly, we have 
[C]s • [A]s G J^{n)h, where C is such that C — mii^j+i,j is a diagonal matrix such that co(C) = 
ro(A). Now using [H 4.6(c)], (1) can be proved in a way similar to the proof of [H 6.2]. 

According to HI 4.6(a), (b)] and ESI we see that rD([A']£[^]e) = TDi[A']e)TD{[A]e) for any A' 
of the form B,C as above. Since J^{n)h is generated by elements like [-B]e, [C]e above, we 
conclude that T£) is an algebra homomorphism. □ 

Let Q'{n)h be the set of all n x n matrices A = (aij) with Ojj- G N, Ojj- < Ip^^^ for all i ^ j 
and flj^j G 'Z/l'p^^^lj for all i. We have an obvious map pr : @{n)h — > Q'{n)h defined by reducing 
the diagonal entries modulo I'p^^^Tj. 

Let J(f'{n)h be the free ^-module with basis {[A]^ \ A G Q'{n)h}. We shall define an algebra 
structure on J(f'{n)h as follows. If the column sums of A are not equal to the row sums of A' 
(as integers modulo l'p^~^), then the product [A]^ ■ [A']^ for A, A' G &'{n)h is zero. Assume now 
that the column sums of A are equal to the row sums of A' (as integers modulo l'p^~^). We can 
then represent A, A' by elements A, A' ^ Q{n)h such that the column sums of A are equal to 
the row sums of A' (as integers). According to l4.1l fl). we can write [A]^ ■ [A']^ = X]a"g/ Pa"^-^"^^ 
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(product in Jt{n)h) where I = {A" G Q{n)h \ ro{A") = to{A), co{A") = co{A')} (a finite set) 
and p^„ G ^. Then the product [A],. ■ [A']ir is defined to be J2a"€I Pa"^^^^"^^^' From 1^11 2) we 
see that the product is well defined and J(f'{n)h becomes an associative algebra over ^. 

In the case where I' is odd, the algebra J€''{n)i is the algebra ,J^' constructed in P^, 6.3]. 
Furthermore, it was remarked at the end of [Ij that is "essentially" the algebra defined in 
\VI\ §5] for type A. We will prove in 15.51 that J^'{n)h is isomorphic to the algebra Uj^(n)/i in the 
case where /' is odd. 

Mimicking the construction of /Cg(n), we define /Cj^(n) to be the ^-module of all formal ^- 
linear combinations /3a [^]e satisfying the property (|2.1.ip . The product of two elements 

^AeeW (^a[A]s, EBee(n) ^B[B]e in £^(n) is defined to be XIa.b (^AlB[A]e ■ [B]^ where [A]^ ■ [B]^ 
is the product in K,^{n). Then lC^{n) becomes an associative algebra over ^. 

We end this section by interpreting J^'{n)h as a ^-subalgebra of ICfAji). For h'^ Wei Zi,ph-i = 
Z/l'p^^^Z and let " : Z" (Z,,ph-i)" be the map defined by {ji,h^ ■■■ Jn) = (ji, J2, • • • ,jn)- 
For A G e=^(n)ft and /2 G (Z;,ph_i)" let 

(4.1.1) {A + diagimh = E + diag(^)].. 

Let Wii{n)fi be the ^-submodule of /C,^(n) spanned by the set {|74 + diag(A)]ft, | A G Q^{n)h, A G 
(Zj/ph-i)"}. From im we see that VV;^(n)/j is a ^-subalgebra of /C^(n). Furthermore, it is easy 
to prove that there is an algebra isomorphism 

(4.1.2) W^{n)h ^ Je'{n)h 
defined by sending \A\h to [A]^ for A G Q'{n)h- 

5. Realization of ni^{n)h 
For A G e±(n), 5 G Z" and A G N" let 
^(<5,A),= E e'^-^ 

Let V|^(n) be the ^-submodule of /C^(n) spanned by the elements A{d, A)^ for A G 0^(n), 5 G Z" 
and A G N". For /i ^ 1 let Vii{n)h be the ^-submodule of /C,^(n) spanned by the elements A{6, A)e 
for A G e^in)h, (5 G Z" and A G NJ^ph-i- We will prove in O that u^(n)fe ^ Vt(n)/, ^ ^'(n)/, 
in the case where I' is odd, and that Uy^(n)/i = V;^(n)/i = J(f'{n)h in the case where I' is even and 
^ is a field. 

Let lCz{n) be the ^-submodule of JCQ{n) consisting of the elements Y^AeBin) f^^lA] with 
(Sa G Z. Then ICz{n) is a -E-subalgebra of /CQ(n). There is a natural algebra homomorphism 

0:}Cz{n) (8)2^^£t(n) 



_A. 



+ diag(/i)]£ G /C^(n) 
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defined by sending (X]^ge(n) Pa[M) <8 1 to Z]yiGe(n) (/^^ ' l)!^]^' where 1 is the identity element 
in ^. 

Recall the injective algebra homomorphism (p : Uq^u) K.Q{n) defined in 12.21 From we 
see that ip{Uz{n)) C K.z{n). Thus, by restriction, we get a map 99 : Uz{n) — > K,z{n). It induces 
an algebra homomorphism ipf^ : Uajyu) }Cz{n) ^z (l- The map 6, composed with {p(^ gives an 
algebra homomorphism 

(5.0.3) i:=eo^^:U^{n)^K^{n). 

By definition we have i{A{5, A)) = A{5, \)e for A G Q^{n), 5 G Z" and A G N". This together 
with 12.31 and 13.61 implies that 

(5.0.4) md^)) = Vfc(n) and i{n^{n)h) = Vt(n)^. 

In particular, V;^(n) and V(^{n)h are all ^-subalgebras of /C/^(n). 

We will now construct several bases for Vi^{n)h and VfJ^n) in l5.1l and l5.31 These results will be 
used to prove [531 According toEJwe see that [^]^ = ["""^'t'^^]^ for A G N^^^^.i and i/, 5 G Z". 
This implies that 

(5.0.5) A{5, X)e = ^'■'^ [a] , + diag(/2)U 

for A G G±(n);,, 5 G Z" and A G N^^ph-i, where [^+diag(/i)l/j is defined in diXT]) . For A, /i G N", 
we write A ^ ;U if and only if Aj ^ /i^ for l^i^n. IfA^// and Aj < /ij for some 1 ^ i ^ n 
then we write X < fi. 

Lemma 5.1. Assume I' is odd. Then Vdn)ii = W^(n)ft and the set Nh '■= {^(0, A)^ | A G 
0^(n)/i, A G NJ^,j_i} forms a l<i-basis for Vi^{n)h- Furthermore, if p > 0, then the set Af := 
{^(0, A) I A G G=t(n), A G N"} forms a t-hasis for Vf^{n). 

Proof. From (|5.0.5p we see that for A G Q^{n)h and A G 



^(0,A), = IA + diag(A)l;,+ [^Ij^ + diag 



This, together with the fact that the set Ch forms a ^-basis for VV^(n)/i, shows that the set Mh 
forms a ^-basis for Wijyn)^^. It follows that W;^(n)^ C V;^(n)/i. Furthermore from (j5.0.5p we 
see that Vi^{n)h Q W;^(n)/i. Thus Vii^{n)h = W;^(n)^. Now we assume p = char^ > 0. Since 
^ti^) ~ U/i>i ~ Uh>i-^h and the set Mh forms a ^-basis for Vdn)h, we conclude 

that the set TV forms a ^-basis for V^n). □ 

Lemma 5.2. For m ^ 1, let Xm = {i-lY-'^)5,pGXm, where Z„ = {5 G N" | 5^ G {0, l}/orl ^ 
i ^ m}. // we order the set Im lexicographically, then det(Xm) = (—2)™ for all m. 
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Proof. Since = {(0, 6) \ 6 £ Im-i} U {(li ^) \ ^ ^ ^m-i} we see that 

_ ( Xm-l Xm-l \ 

This, together with the fact that det(Xi) = — 2, imphes that 
as required. 



2det(X™_i)2 = (-2)2'"-i 



□ 



Corollary 5.3. Assume I' is even and k_ is a field. Then Vi^{n)h = W,^(n)/i and the set Bh '■= 

{A{5,\)e I A G Q^{n)h, A G n^^,,, 5 G N", 6^ G {0,1}, Vf} /orms a t-hasis for V(^{n)h. 
Furthermore, if p > 0, then the set B := {A{6,X) \ A G 6^(n), A,5 G N", 6i G {0, 1}, Vi} forms 
a li^-basis for V;^(n). 

Proof Note that there is a bijective map from {(5, A) | 6 G N", (5i G {0,1}, A G N]^h-i} to 
(Z^/ph-i)" defined by sending (5, A) to A + Ip'^'^d. Thus by ()5.0.5p and 13.31 we conclude that for 
A G e^{n)h, A G N;^p„_i and 5 G N" 



/9eN", /3je{0,l}, Vi 



E 
E 



e 



<5.(a+Zp'^-i/3) 



g<5.Qg«p''-i(5./3-/3.A) 



/3eN", /3i6{0,l}, Vi 



A 

a' 
A. 



|A + diag(a + Ip 



h-l, 



{A + diag(a + Ip'^'^/i 



ip 



h-l 



Since I' is even and {l',p) = 1 we see that p is an odd prime. This, together with the fact that 

-1. Thus for A G @^{n)h, A G ^"^ph-i and 5 G N" we 



= —1, imphes that e^^'' ^ = ^ 
have 



A) 



/3eN",;3jg{0,l},Vi 



[j4 + diag(a + Ip 



h-l. 



„h-i 



(5.3.1) 



,9eN",/3ie{0,l},Vi 



+ 



E 



_<5.a / 



/3eN".,/3jg{0,l}, Vj 



e-^.^(_l)/3.(5-A) [^ + diag(a + /p^-i/3)l;,. 

L A J e 



From [5^ we see that for A G N^^.i, 

where X„ = {(5 G N" [ 6, G {0, 1} for 1 ^ i ^ n}. It follows that the martix {e^-^{-l)^-^^~^'^)5,i3ex„ 
is invertible since ^ is a field. Thus by (j5.3.ip we conclude that the set Bh forms a ^-basis for 
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y^kiji^h and Vi^{n)h = W;^(n)/i. Now we assume p = char^ > 0. Then B = {J^^^^Bh- Since 
the set Bfi is hnear independent for all h, we conclude that the set B is linear independent. 
Consequently, the set B forms a ^-basis for V;^(n). □ 

We are now ready to prove the main result of this paper. 

Theorem 5.4. (1) // is odd, then ker(^) = {Kl — 1 \ 1 ^ i ^ n) and hence U^{n)/{Kl — 1 | 
1 ^i^n) ^ V^(n). 

(2) If I' is even and is a field with p = char^ > 0, then ^ is injective and hence Uii^{n) = 

Proof. The assertion (1) can be proved in a way similar to the proof of [151 4.6]. The assertion 
(2) follows from ESI EJ and (|5M . □ 

Theorem 5.5. (1) ///' is odd, then \i^{n)h = V^{n)h = ^'{n)h forh^l. 
(2) If I' is even and k^is a field, then u.i^{n)fi = Vi^{n)h — J^'{n)h for h ^ 1. 

Proof. If either /' is odd or both /' is even and ^ is a field, then by (|4.1.2p . [5TT] and [531 we deduce 
that Vi^{n)h = J^'{n)h. If /' is odd, then i{K\ - 1) = and hence the map i : U^{n) jC^{n) 
induces an algebra homomorphism 

e : U^in)/{Kl - 1 I 1 ^ i ^ n) ^ 

One can prove that the set {^^^^^ Ilisciscn ['^f ] ^^^"^ I ^ ^ &^{n)h, A G ^fph-i} forms 
a ^-basis of \ii^(n)h in a way similar to the proof of [17^ 6.5]. Thus we may regard U|^(n)/i as a 
^-subalgebra of UiiJ(n)/{K\ — 1 | 1 ^ i ^ n). From (j5.0.4p we see that ^(u^(n)/i) = Vi^{n)h. Thus 
the restriction of ^ to M(Jyn)h yields a surjective algebra homomorphism 

This, together with I5.4T 1). implies that U|^(n)^ = V;^(n)ft. Now we assume V is even and ^ is 
a field. Since ^(u^(n)/i) = V(^{n)h by (j5.0.4p . the restriction of ^ to UfJjijh yields a surjective 
algebra homomorphism 

From [HTTl and 15 . 3] we see that ^' is injective. Consequently, n^{n)h = Vi^{n)h. □ 

6. The infinitesimal g-SCHUR algebras and little g-SCHUR ALGEBRAS 

Let Sz{n,r) be the algebra over Z introduced in ^ 1.2]. It has a 2^-basis {[^4] | A € 0(n,r)} 
defined in jT], where G(n,r) = {A G 0(n) | a{A) := Ylii^i j^n^i,j ~ proved in [8l 

A.l] that the algebra Sz{n.,r) is isomorphic to the g-Schur algebra introduced in [HIS]. Let 
Si^{n,r) = Sz{n,r) ®z k.- For A € G(n, r) let 

[A], = [A]®lG5t(n,r). 
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Let A(n,r) = {A G j Ei^i^n^i = ^1 and A(n,r);,ph_i = {A € (Z^^-i)" | A G A(n,r)}. 
For ^ G Q^{n)h and A G (Z^/ph-i)" we define the element |yl + diag(A), r]/j G Si^{n,r) as follows: 



[^ + diag(A),rl,, 



+ diag(/x)]e if ^ r and A G A(n,r -o-(A));,ph_i, 

7I— A 







otherwise. 



Let u^(n, r)/i be the ^-submodule of S^{n,r) spanned by the set {[A + diag(A),r]/i | A G 
e±(n)/„ A G According to ^ 4.8], 5t(n,r),, is a ^-subalgebra of Sii^{n,r). Note 

that the algebra u^(n,r)i is the little g-Schur algebra introduced in |1H I14j . We will prove in 
16.11 that the algebra u^(n,r)^ is a homomorphic image of U|^(n)/i. 
Let SQ{n,r) = Sz{n,r) (^z Q{v). For A G e=^(n), 5 G Z" let 

A(<5, r) = ^ v^'-'yA + diag(/i)] G 5Q(n, r). 

/iGA(n,r— (t{A)) 

According to [T], there is an algebra epimorphism 

Cr : UQ{n) SQ{n,r) 

satisfying Cr(^i) = Si,i+i(0,r), Cr(i^f i^f • • • i^^") = 0(j,r) and Cr(i^O = ^^+l,^(0,r), for 1 ^ 
i ^ n — 1 and j G Z". It is proved in [9] that Cr{Uz{n)) = Sz{n,r). By restriction, the map 
Cr : UQ{n) — > SQ{n,r) induces a surjective algebra homomorphism : Uz{n) — ^ ^^(n, r). The 
map Cr : Uz{n) — )• Sz{n,r) induces an algebra homomorphism 

Cr,fc := Cr® id: U(^{n) cSt(n, r). 

Proposition 6.1. If either I' is odd or both I' is even and is a field then C,r,kS^kjji)fi) = 
u^{n,r)h. 

Proof. According to [10, 6.7], there is a surjective algebra homomorphism 

Cr : KLz{n) Sz{n,r) 

such that 

\a] if^GG(n,r); 
otherwise. 
The map Cr induces a surjective algebra homomorphism 

Cr,t ■ ^d^) <Sd'>^,r) 

defined by sending X^AeeCn) I^a[A]£ to I]Aee(n,r) /3A[^]e- It is easy to see that 

(6.1.1) Cr,t = ?r,fc°e 



Cr([A]) 
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where ^ is given in (15.0.3p . This together with (|5.0.4p imphes that (^^ ,^(u^(n)/j) = Q^. i^{yj^{n)h)- 
Clearly, for A £ Q^{n)h and A G (Z;,ph-i)", we have 0,^(1^ + diag(A)]/i) = {A + diag(A), r]?,. 
Combining these facts with 15.1] and 15.31 gives the result. □ 

Let s^{n,r)h be the the infinitesimal q-Schur algebra introduced in [21 [3]. The algebra 
s^(n,r)/j is a certain ^-subalgebra of the g-Schur algebra Si^{n,r). According to [2| 5.3.1], 
we have the following result. 

Lemma 6.2. The set | A € Q{n,r)h} forms a l^-basis of s^(n,r)h- 

For /i ^ 1 let Si^{n)h be the ^-subalgebra of Ui^{n) generated by the elements E^™'\ F-™'\ 
Kf^, [^f] for 1 ^ i ^ n - 1, 1 ^ i ^ n, t G N and ^ m < Ip^-^ . We will prove in[63]that 
the algebra Si^{n,r)h is a homomorphic image of S|^(n)/i. 

Lemma 6.3. Each of the following set forms a f^-hasis for s^(n)^ : 

(1) {E^^^)W^^i^nKt'['';:^]F^^'^ I A G Q^{n)h, 6 G N", 6, G {0,1}, Vf, A G N"}; 

(2) {A{6, X)\Ae e^{n)h, S,Xe N", 6i G {0, 1}, Vi}. 

Proof. The assertion can be proved in a way similar to the proof of I3.7[ □ 
Proposition 6.4. We have (r,ti^ti''^)h) = s^(n,r);j. 
Proof. From [671.1 1 we see that 

CrAM^, A)) = txiM^^ ^)e) = MS, A, r), 

for all A,6,X, where A{6,X,r), = E^gACn.r-^CA)) ^^'^ [a]. + diag(/i)], G S^{n,r). Thus byEJ 
and 16.41 we conclude that 

Cr,t(s^(n)ft) = span A, r)^ | ^ G e^{n)h, <5, A G N", <5i G {0, 1}, Vi} C S;^(n, r)h. 

On the other hand, for A G Q^{n)h and fi G A(n, r — ^(A)) we have [74 + diag(/u)] = A{0,fi,r) G 
Cr-,t(^t(^)?t)- This implies that s^(n,r)/i C The assertion follows. □ 
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